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Abstract
The paper presents a method for determining the resistance of cross-sections of reinforced concrete (RC) columns subjected to 
the axial force and bending. It takes account of the effect of concrete softening in plastic range and the mean compressive 
strength of concrete fcm. Such members are frequently encountered in engineering practice (pillars, bridges, viaducts). The stress-
strain relationship for concrete in compression for short term uniaxial loading is assumed according to Eurocode 2 for nonlinear 
analysis. This stress-strain relation adequately represents the behaviour of the concrete by introducing four parameters. For 
reinforcing steel characterized by yield stress fyk , linear-elastic model with hardening in plastic range is applied. In the derivation 
of the resistance of the cross-sections of columns under consideration the following assumptions are introduced:
x plane cross-sections remain plane
x elasto-plastic stress/strain relationships for concrete and reinforcing steel are used
x the tensile strength of  concrete is ignored
x the ultimate strains for concrete and reinforcing steel are determined a priori.
The resistance of the RC cross-section is reached when either ultimate compressive strain in concrete or ultimate tensile strain in 
steel is reached anywhere in that section. The analytical formulae for the resistance NRm relating to the axial force and MRm
relating to the bending moment are derived by integrating the equilibrium equations of the cross-section, taking account of 
physical and geometrical relationships as well as the condition of the ultimate limit state. On the basis of a combinatorial 
approach, twelve possible forms of the stress distribution in the section are considered. Using the derived formulae the 
interaction curves with the values of the normalized, cross-sectional forces nRm = NRm /(b t fcm ) and mRm = MRm /(b t
2 fcm) for the 
rectangular cross-section have been obtained (b, t – dimensions of the rectangle). The obtained formulae describe the cross-
section under consideration in the phase of failure. Replacing the mean values fcm and fyk by the corresponding design values fcd
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and fyd one obtains formulae determining the design values of the normalized cross-sectional forces nR = NR /(b t fcd ) and
mR = NR /(b t
2 fcd ). For presentation of the proposed deformation model numerical calculations have been performed. They are 
presented in the form of interaction diagrams for rectangular cross-sections. Each curve refers to the corresponding value of the 
reinforcement ratio. The maximum compressive strain in concrete is calculated at the extreme fibre in the compression zone of 
the section. The points located on the nRm axis are related to pure compression, while on the mRm axis – to pure bending. The 
occurrence of the tensile strains in the cross-section leads to the crack formation in the concrete. Moreover, these solutions have 
been compared with those based on the parabolic-rectangular diagram for concrete under compression and with those obtained 
experimentally by other authors. In a similar way one may obtain interaction diagrams for ring cross-sections. Based on this 
analysis conclusions are drawn concerning application possibilities of the proposed approach.
© 2016The Authors. Published by Elsevier B.V..
Peer-review under responsibility of Road and Bridge Research Institute (IBDiM).
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1. Introduction
The resistance of cross-sections of reinforced concrete columns subjected to the axial force and bending is 
considered as a theoretical problem as well as an experimental one. For determining the resistance of the cross-
sections under consideration a variety of physical models of materials and methods are applied. Most often 
a simplified approach is used based on the rectangular stress distribution for concrete and represented by such 
DXWKRUV DV .DPLĔVND  .QDXII  .QDXII HW DO  )RU WKH design of cross-sections the bi-linear 
stress-strain relation or parabola-rectangle diagram for concrete may be also assumed. This diagram was used by 
Nieser and Engel in Commentary to German code DIN 1056 (1986) as well as in CICIND Model Code for Concrete
Chimneys (2001). For reinforcing steel in turn such models are used as linear elastic, linear elastic-ideal plastic and 
linear elastic-plastic with hardening. For analysis of the resistance of ring cross-sections deformation models 
combined with physical nonlinearity of concrete and reinforcing steel were proposed by Lechman & Stachurski 
(2005) and Lechman (2006, 2011). The investigations of load-bearing capacity of RC columns under eccentric 
compression have been conducted by many researchers, among others by Lloyd et al. (1996) and Trapko and Musia 
(2011).
Nomenclature
fcm the mean compressive strength of concrete
fcd           the design strength of concrete in compression
fyk yield stress of reinforcing steel
fyd           the design yield stress of reinforcing steel
Ecm        secant modulus of elasticity of concrete
Es          modulus of elasticity of steel 
Eh          coefficient of steel hardening
Hc1          the strain at peak stress on the Vc - Hc diagram
Hcu1, Hcu  the ultimate strain for concrete
Hsu          the ultimate strain for reinforcing steel
Vc , Hc     stress, strain in concrete
Vs , Hs     stress, strain in reinforcing steel
N            the axial force
M           the bending moment
nRm        the normalized ultimate axial force
mRm       the normalized ultimate bending moment mRm
t              the thickness of cross-section 
b             the width of cross-section
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
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t1, t2        coordinates describing the locations of rebars
x, [         coordinate describing the location of the neutral axis
dAc         element of the concrete area Ac
Fa1, Fa2   areas of the steels in compression and in tension, respectively 
Vs1           the compressive stress of the steel
Vs2           the tensile stress of the steel
P1, P2      reinforcement ratios of steels in compression and in tension, respectively
2. Derivation of formulae for rectangular cross-sections 
2.1. General assumptions 
The rectangular cross-section of a RC column is subjected to the axial force N and the bending moment M. 
Fig. 1. The rectangular cross-section. Distribution of strain H, stresses in concrete Vc and stresses in steel Vs across the section.
In the presented derivation the following assumptions are introduced: 
x plane cross-sections remain plane
x elasto-plastic stress/strain relationships for concrete and reinforcing steel are used
x the tensile strength of  concrete is ignored
x the ultimate strains for concrete and reinforcing steel are determined a priori.
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According to Eurocode 2 the stress-strain relation for concrete Vc - Hc in compression for short term uniaxial 
loading is assumed as (Fig. 2):
cmc fk
k
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2

 (1)
where: K = Hc/Hc1 , Hc1 – the strain at peak stress on the Vc - Hc diagram, k = 1,05 Ecm ~Hc1~/ fcm.
Fig. 2. Representation of the stress-strain relation for non-linear structural analysis.
For reinforcing steel characterized by yield stress fyk , linear elastic model with hardening in plastic range is 
applied:
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In further considerations the corresponding dimensionless coordinates are used:
[ = x / t, [,’ = x’ / t, [1 = t1 / t, [2 = t2 / t.
Due to the Bernoulli assumption one obtains:
'
'
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[
[H  (6)
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where: H ‘ - the maximum compressive strain in concrete.
2.2. Equilibrium equations 
The equilibrium equation of the axial forces in the cross-section takes the following form:
02211
0
 ³ NFFdA asas
x
cc VVV (7)
The sectional equilibrium of the bending moments about the symmetry axis of the rectangle can be expressed in 
the form:
0)5.0()5.0()'5.0( 222111
0
 ³ MttFttFdAxt asas
x
cc VVV (8)
The equations (7) – (8) are strongly nonlinear and difficult to be integrated. Therefore, an analytical approach 
was chosen and applied to obtain a value-added solution. The resistance of the RC cross-section is reached when 
either ultimate compressive strain in concrete Hcu or ultimate tensile strain in steel Hsu is reached anywhere in that 
section. On the basis of a combinatorial approach, all possible cases of stress distribution in concrete and reinforcing 
steel have been considered. Taking account of the physical and geometrical relationships (1) – (6) in the equilibrium 
equations (7) and (8), after integrating and some rearrangements one obtains the formulae for determining the 
normalized ultimate bending moment mRm and the normalized ultimate axial force nRm for the rectangular section:
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 , NRm, MRm - the ultimate axial force and bending moment, respectively, (11)
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where:  k2 = H’/(Hc1 [), W1=k-k2[, W2=k(k-2)+1, W3=(k-2)k2, W=1+(k-2)k2[ ; Gk = ((-1)k +1).
The obtained formulae (9) – (12) describe the cross-section under consideration in the phase of failure. Replacing in 
expressions (9) – (11) fcm and fyk by design strength of concrete in compression fcd and  design yield stress of steel fyd, 
one obtains formulae determining the design values of the normalized cross-sectional forces nR=NR /(btfcd) and 
mR=NR /(bt
2 fcd).
3. Analysis of numerical calculations 
Using the derived formulae the interaction diagrams with the normalized resistances nRm - mRm have been 
obtained for the following data (Fig. 3): concrete grade C20/25, yield stress of steel  fyk =500 MPa, reinforcement 
ratios of steel in compression and in tension 1 =2 =, t1/t = 0.1, Eh = 0, the limiting value Hcu1 = -3.5‰ or -3.5‰ d
Hsu d 10‰. Each curve refers to the corresponding value of the substitute reinforcement ratio P fyk/fcm . The two 
numbers Hc /Hs at each indication point are compressive strain in concrete and tensile strain in steel. The points 
located on the nRm axis are related to pure compression and on the mRm axis – to pure bending. The points denoted by 
Hc /0 can be interpreted as a transition from the state Hc /(Hs <0) described as wholly in compression (uncracked) to 
that Hc /(Hs >0) characterized by the occurrence of the tensile strains which cause the crack formation in concrete 
(cracked). 
Fig. 3. Interaction diagrams with the normalized resistances nRm - mRm taking account of the effect of concrete softening in the plastic range.
Characteristic feature of the obtained interaction curves is the sign changing of the normalized ultimate bending 
moment mRm within the state described as wholly in compression, for the couples of strains -3.5‰/Hc ,           
-3.5‰ <Hc<-1‰ (Fig. 3). This fact may be explained as a result of the effect of concrete softening that makes the 
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less compressive part of the cross-section become the more compressive and backwards. For the case when Hcu1 =Hc1
(elastic range) the values of the obtained interaction curves are very close to those based on the parabola-rectangle 
diagram. Fig. 4 presents the interaction curves resulting from the relation (1) versus those obtained on the basis of 
the parabola-rectangle diagram for concrete in compression (Hc1 = -2.0 ‰, Hcu1 = -3.5‰). The comparison presented 
in Fig. 4 indicates that the solutions based on the parabola-rectangle stress distribution in concrete may lead to 
overestimation of the section resistance. It is also apparent that the resistance of cross-sections is strongly influenced 
by the concrete softening interpreted as the descending part of the curve Vc - Hc (1). The increasing values of t1 / t or 
t2 / t result in lower section resistance. It was verified by calculations that the adequacy of the relation (1) describing 
the behavior of the concrete in compression is limited to the concrete classes not higher than C35/45. In a similar 
way one may obtain formulae determining the resistance of RC ring cross-sections of thin or thick thicknesses in 
respect to the external radius of the ring.
Fig. 4. Comparison of the solution based on the nonlinear relation Vc – Hc (1) given in EC2 with that based on the parabola-rectangle diagramfor
concrete in compression
4. Comparison of theoretical and experimental results
The calculated results have been compared with those obtained by testing conducted by Lloyd at al. (1996) on 
RC columns under eccentric compression, with rectangular cross-section of 175 mm x 175 mm and the height of 
1680 mm. The longitudinal reinforcement of the column was symmetric: three rebars 12 mm, fyk = 430 MPa, 
Es = 200 GPa; fcm = 44,78 MPa, Ecm = 32 GPa. The experimental setup is exhibited in Fig. 5. The failure loads 
determined experimentally were as follows: P1 = 1476 kN, e1 = 15 mm; P2 = 830 kN, e2 = 50 mm; P3 = 660 kN,  
e3 = 65 mm. The ultimate strain in concrete at failure was assumed in calculations as -2.4 ‰ which corresponds to 
the peak stress on the Vc – Hc diagram (Fig. 2). The comparison presented in Fig. 6 shows generally a good 
conformity between the analytical solution and the values of  failure loads. As it is seen, the theoretical values are 
lower than those obtained from the experiment due to neglecting the effect of confinement in the section model of 
the column (stirrups).
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As the next example the results of testing conducted by Trapko at al. (2011) on unstrenghtened RC columns 
under eccentric compression, with rectangular cross-section of 200 mm x 200 mm and the height of 1500 mm are 
analyzed. The longitudinal reinforcement of the column was symmetric: two rebars 12 mm, steel grade A-IIIN
fyk = 608 MPa, Es = 224 GPa, the transverse reinforcement consisted of stirrups 6 mm made of steel grade A-I; 
fcm = 31,9 MPa, Ecm = 31 GPa. The failure loads determined experimentally were as follows: P1 = 1548 kN,
e1 = 0 mm; P2 = 1386 kN, e2 = 16 mm; P3 = 1098 kN, e3 = 32 mm. The failure mechanisms of the columns under 
consideration occurred in the form of crushing of concrete in the upper part of the members and yielding of 
longitudinal reinforcing steel. The values collected in Table 1 confirm generally a good conformity between the 
calculated and experimental results. The differences between the corresponding values of the section resistance are 
equaled 0,2 % , 4,9 % and 13,5 %, respectively. In author’s opinion further experimental work is needed concerning  
the post-critical behaviour of RC members subjected to the axial force combined with bending for verifying the 
proposed section model.
Fig. 5. Experimental setup of the RC column.
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nRm
mRm
- calculated;   i experimental 
Fig. 6. Comparison of the calculated and experimental results.
       Table 1. Comparison of the values  of the cross-section resistance of columns.
Failure load Pi [kN];
eccentricity ei [mm]
Normalized failure 
loads  n
Normalized 
resistance  nRm
P1 = 1548;  e1 = 0 1,2154 1,2132
P2 = 1386;  e2 = 16 1,0862 1,1397
P3 = 1098;  e3 = 32 0,8605 0,7441
5. Conclusions
Using deformation model analytical formulae have been derived for determining the resistance of RC rectangular 
cross-section subjected to bending and axial force according to the stress-strain relationship given in Eurocode 2 for 
non-linear analysis. The formulation like this enables to analyze the behaviour of the cross-section of RC columns in 
the phase of failure. The resistance of cross-sections is strongly influenced by the concrete softening represented as 
the descending part of the curve Vc - Hc for concrete in compression. It has been proven that calculated results 
conform to those obtained by testing on RC columns under eccentric compression. The proposed approach results in 
more realistic evaluation of the resistance of the cross-section compared to that based on the parabolic-rectangular 
diagram for concrete in compression. The obtained interaction diagrams can serve for determining the required 
reinforcement ratio and the thickness of rectangular cross-sections. The presented algorithm can be easily
implemented and effectively used in structural design. Further experimental work is needed concerning the post-
critical behavior of RC members subjected to the axial force and bending for verifying the proposed section model.  
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